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Abstract
The High Energy Storage Ring (HESR) is part of the up-
coming Facility for Antiproton and Ion Research (FAIR) in
Darmstadt (Germany). The HESR is designed for antipro-
tons with a momentum range from 1.5GeV/c to 15GeV/c,
but will as well be suitable to provide heavy ion beams
with a momentum range from approximately 0.6GeV/c to
5.8GeV/c. To guarantee smooth operation it is crucial to
verify and improve the design with beam-dynamics simula-
tions. Particularly the dynamic aperture is calculated as a
measure of quality.
Complementary to previous beam dynamics calculations
based on frequency map analysis [1], the dynamic aperture
is calculated using a variant of the Lyapunov exponent. The
ﬁrst bending and focusing magnets have been delivered and
the magnetic ﬁelds measured recently. So the assumed val-
ues of the the multipole imperfections used so far in the
machine model are now replaced by values based on ﬁeld
measurements.
INTRODUCTION
Subject of this paper is the estimation of the short term
dynamic aperture for the HESR [2]. All calculations are
based on the so-called injection lattice for antiprotons. Here
the kinetic energy of the antiprotons at injection is 3GeV,
the transition energy of the lattice is set to γtr = 6.2. The
calculations are based on tracking studies performed with
the PTC module of MAD-X [3].
Objective of the current studies is a tune scan for this setting
to identify areas of large dynamic aperture, i.e. minimal
inﬂuences of non-linearities. The main sources for these
non-linearities, besides the sextupole ﬁelds for chromaticity
correction, are the harmonic imperfections of the bending
dipoles and the quadrupoles. Both types of magnets are
in the series production state. Thus measurements of the
harmonic content of the elements as quality assurance, as
well as basis for the tracking studies are performed.
MEASUREMENT OF THE HARMONIC
CONTENT
Immediately after production of each of the in total 84 nor-
mal conducting quadrupoles a measurement of the harmonic
content is performed by the manufacturer. This is done by
the use of a rotating coil. The used layout is a radial coil
with analogue bucking of the main ﬁeld component. The
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analysis of the measured data is performed following [4],
including rotational and feed down correction to correct for
misalignments. The measurements result in a description of
the transverse ﬁeld of the quadrupole integrated along the
longitudinal axis of the element:
By + iBx =
∞∑
n=1
(Bn + iAn )
(
x + iy
r0
)n−1
. (1)
Here Bn and An are the so-called multipole coeﬃcients at
reference radius r0. Usually they are normalized to the main
ﬁeld component BN . In case of a quadrupole this results in
bn + ian =
Bn + iAn
B2
· 104. (2)
The measured harmonic content averaged over the 33 ele-
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Figure 1: The harmonic content of the quadrupole. The error
bars indicate the statistic ﬂuctuations between the diﬀerent
elements. The upright multipole components bn are labelled
with a square marker and the skew multipole components an
are labelled with a diamond marker. To separate the markers
of the normal and skew multipoles the skew multipoles are
slightly shifted to the right. The reference radius is r0 =
33mm.
ments that are measured up to now is shown in Fig. 1. Based
on the measured values as well as the measured standard
deviation from element to element a random set of multipole
components is generated for each of the 84 quadrupoles in
the HESR lattice. This set is used later on to describe the
element imperfection in the tracking studies. The measured
values are not used directly for two reasons: First of all up to
now not all elements are produced not to mention measured,
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second the statistically distributed harmonic coeﬃcients tend
to change if the element is dissassembled and reassembled
e.g. to insert the beam tube. The set of the randomized
multipoles can be variied by choosing a diﬀerent random
seed.
The bending magnets (in total there will be 44 normal con-
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Figure 2: The harmonic content of the bending dipoles as
used in the beam dynamics simulations. The values are based
on preliminary proof of concept measurements as described
in [5]. The upright multipole components bn are labelled
with a square marker and the skew multipole components
an are labelled with a diamond marker. To separate skew
and normal markers all skew markers are slightly shifted to
the right. The error bars represent the repeatability of the
measurement. The reference radius is r0 = 30mm.
ducting sector dipoles) cannot be measured by the use of
rotating coils as the elements are bent. Instead it is planned
to use a Hall device that moves through the magnet. This
device measures the tangential as well as the azimuthal com-
ponents of the ﬁeld on the surface of a bent cylinder. The
bending radius corresponds to the curvature of the magnet.
Again a description in multipole components as in Eq. (1)
is desired. This can be achieved by a Fourier transformation
of the measured values.
As the device is still under development, the basis for the
multipole components of the dipoles in the beam dynam-
ics simulation is the proof of concept measurement with a
single Hall probe that is described in [5]. The result of this
measurement is shown in Fig. 2. For the simulation the
multipoles are again randomized according to the measured
values.
TRACKING
Starting from the linear lattice without disturbances by the
multipole errors, a tune scan is performed. For a tune range
Qx ,Qy ∈ [7.57,7.76] a geometric acceptance of Ax , Ay >
15mm mrad can be achieved without completely altering the
linear lattice. The resulting acceptances are given in Fig. 3.
In this range the dynamic aperture is estimated by tracking
including the multipole errors. As the area is rather large
only a short term tracking with 1000 turns per initial point
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Figure 3: The geometric acceptance as deﬁned by the linear
lattice of the HESR. On the left the horizontal acceptance
versus the tune is given in greyscale (colour on-line). On the
right the same plot for the vertical acceptance is given.
in phase space is performed. The settings of the tracking
environment are summarised in Table 1.
Table 1: Tracking Settings
Setting Value
Tracking Environment PTC module of MAD-X
Description of Elements Matrix-Kick-Matrix
Slices per Element 8
Included Multipoles n ≤ 10
Hamiltonian approximated
Number of Tracked Turns 1000
Lyapunov Indicator
As an estimate for the dynamic aperture amodiﬁed version
of the Lyapunov indicator λ as introduced in [6] is used:
λ(n) :=
d¯n/2,n − d¯0,n/2
d¯n/4,3n/4
. (3)
Here n denotes the number of tracked turns and d¯i, j is the
average distance of two initially close-by particles within
turns i and j.
As a conservative estimate for the dynamic aperture the
tracked motion is considered as chaotic if λ(n) exceeds 1
during the tracking. Hereby the ﬁrst 100 turns are neglected
to suppress transient eﬀects. So the motion is considered to
be stable if
λ(n) ≤ 1, ∀n ∈ (100,1000]. (4)
For each point in tune space an initial point in phase space
with
zi =


xi
px, i
yi
py, i


= 0.01 ·


ax ·
√
Ax/γx (s = 0)
0mrad
ay ·
√
Ay/γy (s = 0)
0mrad


(5)
is set. Initially the coeﬃcients ax and ay are set to 1; s = 0
refers to the longitudinal starting point of the tracking. If
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Figure 4: Example of initial points in space. The balls denote
initial points where Eq. (4) was not violated, whereas the
triangles denote the onset of chaotic motion. The bold line
is the geometric acceptance limit scaled to the longitudinal
starting point of the tracking. The resulting dynamic aperture
estimate is given as dashed line.
the stability criterion Eq. (4) is not violated, ax or ay are
increased by approximately 1.5. As sketched in Fig. 4 in
total three series of tracking are performed: One where
just ax is increased, one where ax and ay are increased
simultaneously and one where just ay is increased. As the
tracking serves just as a conservative estimate, the minimal
radius r =
√
x2
i
+ y2
i
at which the motion, according to
Eq. (4), changes from stable to chaotic deﬁnes the dynamic
aperture.
Results
The results of the tune scan are shown in Fig. 5. There,
for each pair of horizontal and vertical tunes the dynamic
aperture is estimated. The results are also compared to the
tune resonances up to multipole order n = 6. As expected,
the tunes with low dynamic aperture coincide with these
resonances. Additionally, it can be seen that the tunes near
the coupling resonance Qx = Qy can not be reached during
tracking. This is due to the non-vanishing skew quadrupole
component of the bending magnets. In previous studies for
the HESR, such as [1], this was not seen, as skew multipole
components of the bending magnets were not considered.
Tune combinations with large dynamic aperture identiﬁed in
Fig. 5 serve as initial points for future investigations, such
as long term tracking.
CONCLUSION
The model of the HESR could be extended to include
realistic ﬁeld descriptions based on measurements. Short
term tracking and application of the Lyapunov criterion, Eq.
(4), are appropriate to identify restrictions to the acceptance
limit caused by non-linearities.
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Figure 5: Resulting dynamic aperture from tune scan. The
dynamic aperture is plotted in greyscale (colour on-line).
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